In this manuscript, a reliable scheme based on a general functional transformation is applied to construct the exact travelling wave solution for nonlinear differential equations. Our methodology is investigated by means of the modified homotopy analysis method which contains two convergence-control parameters.
Introduction
Finding exact or approximate solutions of differential equations is an important part of calculus. Except for a limited number of these equations, we have difficulty in finding their solutions. Therefore, there have been attempts to develop new approaches for obtaining analytical or numerical solutions which reasonably approximate the exact solutions. For more details see [1] [2] [3] [4] [5] [6] . Recently, a promising analytical approach called homotopy analysis method (HAM), has successfully been applied to solve many types of linear and nonlinear functional equations [7] [8] [9] [10] [11] [12] . HAM was known before the time indicated in [7] and this new scheme can be applied to explore a sector of exact solutions of a given partial differential equation by reducing it to an ordinary differential equation exactly without any approximation, only by assuming an ansatz for the solutions [9, 10] . There are many papers that deal with HAM. Abbasbandy et al. [13] applied the Newton-homotopy analysis method to solve nonlinear algebraic equations, Allan [14] constructed the analytical solutions to Lorenz system by the HAM, Bataineh et al. [15, 16] proposed a new reliable modification of the HAM, M. Ganjiani et al [17] constructed the analytical solutions to coupled nonlinear diffusion reaction equations by the HAM, Alomari et al. [18] applied the HAM to study delay differential equations, Chen and Liu. [19] applied the HAM to increase the convergent region of the harmonic balance method. For more details, the reader is advised to consult the results of the research works presented in [21] [22] [23] [24] [25] [26] [27] [28] [29] [30] [31] [32] . The investigation of exact traveling wave solutions to nonlinear differential equations plays an important role in the study of nonlinear physical phenomena. This manuscript is concerned with the following nonlinear wave equation:
Using a transformation
where λ and ω are constants and Ξ is amplitude which will be determined later, we can convert (1) to the following nonlinear ordinary differential equation
where the prime denotes differentiation with respect to η. In this manuscript, after a short background on a biparametric homotopy [7] , we extended the application of this methodology to nonlinear differential equations. Moreover, we proved the convergence of the solution for nonlinear differential equations.
Summary of biparametric homotopy and its applications

The nonlinear beam equation
To illustrate the procedure, we consider the nonlinear beam equation [33] in the form
where, ( ) is the deflection of beam and α and β are parameters.
To solve the beam equation (4) , within the following complex transformation
where Ξ is amplitude which will determined later, and λ > 0 ω is arbitrary given constant.
Substituting ( ) into equation (4) yields
Assume now that ψ → exp(−η), as η → ∞ where are arbitrary constants. Now, we assume that the dimensionless solution ψ(η) arrives its maximum at the origin. Obviously, ψ(η) and its derivatives tend to zero when η → ∞ . Besides, due to the continuity, the first derivative of ψ(η) at crest is zero [8] . Thus, the boundary conditions of our solutions are
substituting (−η) into (5) we have
The parameter λ > 0 can be determined by equating the coefficient of (−η) to be zero
According to the boundary conditions (6), it is natural to express its solution by a set of base functions,namely
in the form
We choose the auxiliary linear operator as
with the property
such that C = 1 2 , are constants and
For more details about the adopting Ł[ ] and its applications, the reader is advised to consult the results of the research work presented in [8] . Now, the next step is to define a nonlinear operator as
The homotopy analysis method can be further generalized by means of the zero-order deformation equation in the form
such that
Using Taylor's series expansion with respect to the embedding parameter , we have
where Ξ and ψ (η) are functions which should be determined. By differentiating (10) and (11) times with respect to , then dividing the equation by ! and setting = 0, the mth-order deformation equation is formulated as follows
in which
and
The general solution equation (14) is
such that C 1 C 2 , C 3 and C 4 are constants and ψ * (η) is a special solution of (14) . Using the rule of solution expression denoted by (9), we have C 2 = 0, C 3 = 0 and C 4 = 0. The above presented solution automatically fulfills the boundary conditions, therefore the unknown C 1 and Ξ −1 can be found by solving the following linear algebraic equations
The KdV equation
In the following we are dealing with the fifth order KdV equation, governed by the nonlinear partial differential equation as
with α being a constant [34] .
To look for the travelling wave solution of (17), we suppose that the solutions of (17) are the form
where λ > 0 and ω is arbitrary given constants. From (18) one can derive that
where Ξ depicts amplitude which will be determined later and the prime is differentiation with respect to η Writing ψ → exp(−η) as η → ∞, ( are arbitrary constants) and substituting it into (19) and balancing the main term, we obtain λ 4 − ω = 0, we consider the positive real value for λ. We can define η = 0 so that
Assuming that the solutions in (19) can be expressed by a set of base functions
such as
Furthermore, under the rule of solution expression denoted by (22) and by using (19), we choose an auxiliary linear operator
where C 1 , C 2 , C 3 and C 4 are constants. Now, from (19), we define the nonlinear operator as
By means of the homotopy properties mentioned in Subsection 2.1, we construct the so-called zero-order deformation equation
After that, we can differentiate the zeroth-order deformation (23) times with respect to parameter , then divide the resulting equation by ! and set = 0, we have the following result
Here we have
We note that ψ , Ξ −1 are all unknown, but we have only (25) for ψ thus an additional algebraic equation is required for determining Ξ −1 . According to the property of the auxiliary linear operator L, the solution of the deformation equation contains the so-called term η exp(−2η) if the right-hand side of (25) involves the term (−2η) As a result, we force the coefficient of the term (−2η) to be zero. Therefore we have additional algebraic equation for determining Ξ −1 . The general solution equation (25) is
where C 1 C 2 , C 3 and C 4 are constants and ψ * (η) is a special solution of (25) . According to the boundary conditions (25) and the rule of solution expression (22), we have C 3 = 0 and C 4 = 0. The unknown C 1 and C 2 are obtained by solving the linear algebraic equations
Convergence
Lemma 3.1.
where is the homotopy-parameter. Let N[ψ(η) Ξ] denote nonlinear operators defined in previous sections. It holds that:
Proof. When = 1 2 , it obviously holds that:
According to Leibnitz's rule for derivatives of product, for ≥ 3 it holds
Lemma 3.2.
Assume that the operator N[ψ(η) Ξ] be contraction and the solution series
converge to ψ(η) and Ξ, respectively, then
Proof. If the solution series
converge to ψ(η) and Ξ, respectively, then the series
will converge to N[ψ(η) Ξ] (see [35] ). Now, by using Lemma 3.1 we have 
Proof. Since the solution series
is convergent, we have
Using the left-hand side of high-order deformation equations, we have
Then, by using Lemma 3.2 we havē 
Estimation of errors and residuals
The M -order approximation of the solutions ψ(η) and Ξ can be expressed as
which are dependent upon the convergence-control parameters¯ 1 and¯ 2 . Let 
Minimum value of E M for nonlinear beam equation
Minimum value of E M for KdV equation
Suppose α = 2, β = 4 and ω = 1, hence from λ 2 − ω = 0, we have λ = 1. In following, we give minimum value of E M with different procedures.
The corresponding ARE E 20 10 has the minimum 5 361E − 7 at the "optimal" values¯ 1 = −0 451 and¯ 2 = 0. Also, for¯ 1 = 0 and¯ 2 = 0, the corresponding ARE E 20 10 is now a function of both¯ 1 and¯ 2 , which has the minimum 3 032E − 8 at the "optimal" values¯ 1 = −0 487 and 2 = −0 029. In this case, the corresponding homotopyapproximations converges faster than those given in case of¯ 1 = −0 451 and¯ 2 = 0, as shown in Table 1 . 
Solution of the above system gives the unknowns = 1 2 and = 1 2 · · · , and hence by setting = 1 Padé approximant π is obtained. In many cases, the Padé approximant π does not depend upon the auxiliary parameter 1 in case of 2 = 0, as pointed out by Liao [7] . Note that the Padé approximant π in case of 1 = 0 and 2 = 0 depend upon the auxiliary parameters 1 and 2 . But, we cannot give a mathematical proof about it. The value of ψ (0) is shown in Table 2 . It is obvious that results given by the optimal values 1 = 0 and 2 = 0 are a little better than those given by the optimal value 1 = 0 in case of 2 = 0. We can apply the padé technique to accelerate the convergence rate of Mth-order approximations of amplitude Ξ. The Ξ homotopy-Padé approximation of amplitude Ξ is formulated by
The value of the amplitude is shown in Table 3 .
Results and discussion
In this section, the comparison of numerical and analytical approximations of our proposed approach for the extended 
Conclusion
In this manuscript, we studied the application of a biparametric homotopy for solving the nonlinear differential equations and its application in physical phenomena. The present homotopy adds a new parameter to the convergence region that increases the convergence region of the series solutions and generalizes the homotopy analysis method for a wider range of nonlinear problems. All given examples reveal that the present homotopy yields a very effective and convenient technique to the approximate solutions of nonlinear differential equations.
